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Abstract
An approximate neutrino mixing matrix is formutated by using the standard neutrino mixing matrix
as a basis and experimental data of neutrino oscillations as inputs. By using the resulted approximate
neutrino mixing matrix to proceed the neutrino mass matrix and constraining the resulted neutrino
mass matrix with zero texture: Mν(1, 1) = Mν(1, 3) = Mν(3, 1) = 0, we can have neutrino masses as
function of mixing angle θ13 with normal hierarchy: m1 < m2 < m3. By taking the central value of
mixing angle θ13 = 9
o that gives ǫ = 0.16 and using the squared mass difference: ∆m232 for normal
hierarchy, we then obtained neutrino masses: m1 = 0.00847 eV, m2 = 0.01215 eV, and m3 = 0.05062 eV
which can predict the squared mass difference for solar neutrino precisely with the experimental result:
∆m221 = 7.59× 10−5 eV2.
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1 Introduction
Since the Kamiokande Collaboration reported the evidence of neutrino oscillations [1], the neutrino
oscillation concept, which is previously proposed in order to explain the solar neutrino deficit, have been
accepted by physicists as a new elegant concept in leptonic sector especially in neutrino sector which
have many consequences for the new physics beyond the standard model. The theorists have made some
attempts to explain the neutrino flavor oscillation. One of the most elegant idea to explain the neutrino
oscillation is adopting the concept that neutrino flavor eigenstate is not its own mass eigenstate, but
neutrino flavor eigenstates (νe, νµ, ντ ) are linear combination of neutrino mass eigenstates (ν1, ν2, ν3 )
as follow:
να = Vαβνβ, (1)
where the indexes α = e, µ, τ , β = 1, 2, 3 , and Vαβ are the elements of the neutrino mixing V . The
standard parameterization of the mixing matrix (V ) read:
V =
(
c12c13 s12c13 s13e
−iδ
−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13
s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13
)
(2)
where cij is the cos θij , sij is the sin θij , θij are the mixing angles, and δ is the Dirac CP-violating phase.
It is apparent from Eq. (2) that from the beginning of the formulation of neutrino mixing matrix,
the nonzero of the mixing angle θ13 have been anticipated together with the Dirac phase as fundamental
parameters in neutrino mixing matrix. For many years before the reported experimental results by T2K
[2], MINOS [3], Double Chooz [4], Daya Bay [5], and RENO [6], the mixing angle θ13 to be put in zero or
approximately zero due to the experiments limitations to measure it precisely. We have three well-known
neutrino mixing matrices with mixing angle θ13 = 0, i.e. bimaximal mixing (BM), tribimaximal mixing
(TBM), and democratic mixing (DM). Recently, the experimental results showed that the mixing angle
θ13 6= 0 and relatively large which imply the three well-known neutrino mixing matrices should be ruled
out or modified.
From theoretical side, several theoretical attempt have already been performed by many authors
in order to accommodate the nonzero and relatively large mixing angle θ13 by modifying the neutrino
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mixing matrix including the Dirac phase δ in relation to the CP-violation in neutrino sector. Another
unsolved problem in neutrino physics till today is the hierarchy of neutrino mass. Experimental results
showed that we have two possibilities for neutrino mass hierarchies: normal and inverted hierarchies. We
have no clue in order to decide theoretically the neutrino mass hierarchy whether it normal or inverted.
In this paper, we study sistematically and formulate neutrino mixing matrix by using the standard
neutrino mixing matrix in Eq. (2) by considering the reported neutrino oscillations experimental data
as inputs. The resulted neutrino mixing matrix to be used to obtain the nonzero mixing angle θ13 and
its relation to neutrino masses. In section 2, we show the simple basic motivations and assumptions
to formulate the three well-known mixing matrices: BM, TBM, and DC which cannot proceed nonzero
θ13. In section 3, we use recent neutrino experimental data as input in order to obtain an approximate
neutrino mixing matrix and discuss its predictions on neutrino masses. The formulation of our neutrino
mixing matrix is similar with the formulation of BM, TBM, and DC, but we anticipate the nonzero
mixing angle: θ13 in our scenario. Finally, section 4 is devoted to conclusions.
2 Neutrino mixing marix: BM, TBM, and DC
In order to give us a concise knowledge and view of the early patterns of neutrino mixing matrices before
the era of nonzero mixing angle θ13 which is also known as the reactor mixing angle, in this section we
review the three well-known mixing matrices which put mixing angle θ13 = 0 or approximately zero. The
experimental facts from neutrino oscillation showed us that both solar neutrino mixing angle (θ12) and
atmospheric neutrino mixing angle (θ23) nearly maximal: θ12 ≈ θ23 ≈ π/4, and mixing angle: θ13 ≈ 0.
Thus, for the first approximation, we can write the neutrino mixing in Eq. (2) as follow [7]-[12]:
VBM =


√
1/2
√
1/2 0
−1/2 1/2
√
1/2
1/2 −1/2
√
1/2

. (3)
which is known as bimaximal mixing matrix (BM). The tribimaximal mixing (TBM) also formulated in
accordance with the experimental results of neutrino oscillation: θ13 ≈ 0 and unitarity constraints. The
first formulation of TBM-like based on experimental facts was formulated by Stancu and Ahluwalia as
follow [13]:
VTBM−like =
(
cθ sθ 0
−sθ/
√
2 cθ/
√
2 1/
√
2
sθ/
√
2 −cθ/
√
2 1/
√
2
)
, (4)
where: cθ = cos θ and cθ = sin θ with θ is the solar neutrino mixing angle.
Theoretical derivation of TBM can also be read in [14]-[19] as follow:
VTBM =


√
2/3
√
1/3 0
−
√
1/6
√
1/3 −
√
1/2
−
√
1/6
√
1/3
√
1/2

. (5)
and the democratic mixing also with the approximation: θ13 ≈ 0 . The democratic mixing (DC) read
[20]-[22]:
VDC =


√
1/2
√
1/2 0√
1/6 −
√
1/6 −
√
2/3
−
√
1/3
√
1/3 −
√
1/3

. (6)
From Eqs. (3)-(6), one can see that three well-known mixing matrices predict mixing angle θ13 = 0
which is incompatible with the present data of neutrino oscillations. The latest results from neutrino
oscillation experiment reported by T2K Collaboration [2]:
50 ≤ θ13 ≤ 160, (7)
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for neutrino mass in normal hierarchy (NH), and
5.80 ≤ θ13 ≤ 17.80, (8)
for inverted hierarchy (IH) with Dirac phase: δ = 0. The nonzero value of mixing angle: θ13 was also
confirmed by Daya Bay Collaboration [5]] as follow:
sin2 2θ13 = 0.092 ± 0.016(stat.)± 0.005(syst.). (9)
Thus, we should modify or reexamine the three well-known neutrino mixing matrices which are shown in
Eqs. (3)-(6) because it cannot anymore accommodate the present data precisely. The modified neutrino
mixing matrix which can accommodate the nonzero and relatively large mixing angle θ13 can be read in
Refs. [23]-[29].
3 Neutrino mass from an approximate mixing matrix
As stated in section 1, this section is devoted to formulate an approximate neutrino mixing matrix based
on standard parametrization by considering the experimental data from neutrino oscillation experiments
as inputs. Recently, it is apparent that the mixing angle θ13 is nonzero and relatively large as shown in
Eqs. (7), (8), and (9). By using the standard neutrino mixing matrix in Eq. (2) as a basis in formulating
an approximate neutrino mixing matrix and experimental facts that mixing angle: θ13 6= 0 and we replace
s13 as follow :
s13 = sin θ13 = ǫ, (10)
and it implies:
c13 =
√
1− ǫ2, (11)
then the neutrino mixing matrix in Eq. (2) read:
VA =
(
c12
√
1− ǫ2 s12
√
1− ǫ2 ǫ
−s12c23 − c12s23ǫ c12c23 − s12s23ǫ s23
√
1− ǫ2
s12s23 − c12c23ǫ −c12s23 − s12c23ǫ c23
√
1− ǫ2
)
. (12)
for δ = 0.
By putting mixing angle: θ23 ≈ π/4 (atmospheric neutrino mixing angle is nearly maximal) which it
implies: c23 = s23 ≈
√
2
2
, then the approximate mixing angle in Eq. (12) can be written as follow:
VA =

 c12
√
1− ǫ2 s12
√
1− ǫ2 ǫ
−
√
2
2
(s12 + c12ǫ)
√
2
2
(c12 − s12ǫ)
√
2
2
√
1− ǫ2
√
2
2
(s12 − c12ǫ) −
√
2
2
(c12 + s12ǫ)
√
2
2
√
1− ǫ2

. (13)
As dictated by experimental results on solar neutrino mixing angle: θ12 ≈ 35o, then we can take the
approximation for the values of s12 and c12 as follow:
s12 ≈
√
3
3
and c12 ≈
√
6
3
. (14)
If we insert the values of s12 and c12 in Eq. (14) into approximate neutrino mixing matrix in Eq. (13),
then we have:
VA =


√
6(1−ǫ2)
3
√
3(1−ǫ2)
3
ǫ
−
√
6+
√
12ǫ
6
√
12−
√
6ǫ
6
√
2(1−ǫ2)
2
√
6−
√
12ǫ
6
−
√
12+
√
6ǫ
6
√
2(1−ǫ2)
2

. (15)
Now, we are in position to determine the neutrino mixing by using the approximate neutrino mixing
matrix VA as shown in Eq. (15). If neutrino is a Majorana particle, then neutrino mass matrix (Mν)
can be obtained via the following equation:
Mν = VMV
T , (16)
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where M is the neutrino mass matrix in mass basis and V is the mixing matrix. By using approximate
neutrino mixing matrix in Eq. (15) and neutrino mass matrix in mass basis as follow :
M =
(
m1 0 0
0 m2 0
0 0 m3
)
, (17)
then we have neitrino mass matrix with pattern:
Mν =
(
A B C
B D E
C E F
)
, (18)
where:
A =
2
3
(1− ǫ2)m1 + 1
3
(1− ǫ2)m2 + ǫ2m3, (19)
B = −
√
1− ǫ2
3
(
√
2ǫ+ 1)m1 +
√
1− ǫ2
6
(2−
√
2
2
ǫ)m2 +
√
2− 2ǫ2
2
ǫm3, (20)
C = −
√
1− ǫ2
3
(
√
2ǫ− 1)m1 +
√
1− ǫ2
6
(−2−
√
2
2
ǫ)m2 +
√
2− 2ǫ2
2
ǫm3, (21)
D =
1
3
(
1
2
+
√
2ǫ + ǫ2)m1 +
1
3
(1−
√
2ǫ+
1
2
ǫ2)m2 +
1
2
(1− ǫ2)m3, (22)
E = −1
3
(
1
2
− ǫ2)m1 − 1
3
(1− ǫ
2
2
m2 +
1
2
(1− ǫ2)m3, (23)
F =
1
3
(
1
2
−
√
2ǫ+ ǫ2)m1 +
1
3
(1−
√
2ǫ+
1
2
ǫ2)m2 +
1
2
(1− ǫ2)m3. (24)
By inspecting the entries of resulted neutrino mass matrix (Mν), it is apparent that all entries of
Mν relate with ǫ. In order to find the relation of ǫ with the measured parameters in neutrino oscillation
experiments, we simplify the problem by imposing texture zero into neutrino mass matrix in Eq. (18).
The texture zero analysis is also known as Fritzsch anzatze that can be used to solve the problem of
quark-lepton mass matrices [30]. The texture zero can help us to simplify the problem becauseit reduce
the number of parameters or degre of fredom in neutrino mass matrix. If we impose the zero texture
into resulted neutrino mass matrix in Eq. (18) i.e. A = Mν(1, 1) = 0 and C = Mν(1, 3) = 0, then we
have the following relations:
m1 = m2 − 3
√
2
2
ǫm3, (25)
and
m1 =
1
2
m2 − 3
2
ǫ2
ǫ2 − 1m3, (26)
respectively. From Eqs. (25) and (26) we can have the relation:
m2
m3
=
√
2ǫ +
ǫ2
ǫ2 − 1 , (27)
and finally we can also rewrite Eq. (25) or (26) as follow:
m1
m2
=
1
2
− 3
2
ǫ
ǫ+
√
2(ǫ2 − 1) . (28)
The texture zero pattern similar with our texture zero pattern has also been used for a model of quark and
lepton mass matrices in [31] which give a consistent prediction with the experimental data. A different
viable textures for quarks, where only the Cabibbo mixing arises from the down sector, and extend to
the charged leptons while constructing a complementary neutrino structure that leads to viable lepton
masses and mixing can be read in [32].
By referring to experimental value of mixing angle θ13 in Eq. (7), the value of ǫ reads:
0.087 ≤ ǫ ≤ 0.276, (29)
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which proceed:
m1
m2
< 1,
m2
m3
< 1, (30)
It is apparent from Eq. (30) that approximate neutrino mixing matrix predict neurino masses in normal
hierarchy: m1 < m2 < m3.
From Eq. (27) we can have the squared mass difference of atmospheric neutrino as follow:
∆m232 = m
2
3 −m22 = m23
[
1−
(√
2ǫ+
ǫ2
ǫ2 − 1
)2]
, (31)
which proceed:
m3 =
√
∆m232
1−
(√
2ǫ+ ǫ
2
ǫ2−1
)2 . (32)
By the same procedure in obtaining squared mass difference for atmospheric neutrino, the squared mass
difference for solar neutrino can be derived from Eq. (28) which proceed:
∆m221 = m
2
2 −m21 = m22
[
1−
(
1
2
− 3
2
ǫ
ǫ+
√
2(ǫ2 − 1)
)2]
, (33)
which give:
m2 =
√√√√ ∆m221
1−
(
1
2
− 3
2
ǫ
ǫ+
√
2(ǫ2−1)
)2 . (34)
In order to determine neutrino masses, we take the experimental data of neutrino oscillation as input.
The current combined world data of neutrino oscillations especially squared mass difference read [33, 34]:
∆m221 = 7.59± 0.20(+0.61−0.69)× 10−5 eV2, (35)
∆m232 = 2.46± 0.12(±0.37) × 10−3 eV2, for NH, (36)
∆m232 = −2.36± 0.11(±0.37) × 10−3 eV2. for IH, (37)
If we insert the central value of ǫ = 0.16 into Eqs. (32) and (34), and the squared mass difference:
∆m232 for normal hierarchy as shown in Eq. (36), then we can determine neutrino masses m2 and m3.
By knowing the neutrino masses m2 and m3, we can determine the neutrino mass m1 from Eq. (25) or
(26). The obtained neutrino masses whithin this scenario read:
m1 = 0.00847 eV, (38)
m2 = 0.01215 eV, (39)
m3 = 0.05062 eV, (40)
which can predict the squared mass difference for solar neutrino precisely with the experimental result:
∆m221 = 7.59 × 10−5 eV2. (41)
4 Conclusions
We have formulated and studied systematically the approximate neutrino mixing matrix by using the
standard neutrino mixing matrix as a basis and considering the experimental data of neutrino oscillations
as inputs. By using the resulted approximate neutrino mixing matrix to proceed the neutrino mass
matrix and constraining the resulted neutrino mass matrix with zero texture: Mν(1, 1) = Mν(1, 3) =
Mν(3, 1) = 0, we can have neutrino masses as function of mixing angle θ13 with normal hierarchy:
m1 < m2 < m3. By taking the central value of mixing angle θ13 = 9
o that gives ǫ = 0.16 and using the
squared mass difference: ∆m232 for normal hierarchy, we then obtained neutrino masses: m1 = 0.00847
eV, m2 = 0.01215 eV, and m3 = 0.05062 eV which can predict the squared mass difference for solar
neutrino precisely with the experimental result: ∆m221 = 7.59 × 10−5 eV2.
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